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Hanf Number for

JEP

This is a joint project with Will Boney.
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Abstract Elementary Classes (AECs) are a general framework
invented by Shelah that captures key properties of elementary

classes and which maybe satisfied by non-elementary classes
too.
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AEC

A collection of models K is an AEC if it satisfies the
following axioms.
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AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.

1. A< B implies A C B;
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AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.

1. A< B implies A C B;

2. < is reflexive and transitive;
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AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.

1. A< B implies A C B,
2. < is reflexive and transitive;

3. If (Aj]i € k) is an increasing <- chain, then
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AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.

1. A< B implies A C B,
2. < is reflexive and transitive;

3. If (Aj]i € k) is an increasing <- chain, then
(i) Uies Ai € K;
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AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.

1. A< B implies A C B,
2. < is reflexive and transitive;

3. If (Aj]i € k) is an increasing <- chain, then
(i) Uies Ai € K;
(ii) foreachiel, A; < U,.G,A,-; and
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AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.
1. A< B implies A C B;
2. < is reflexive and transitive;
3. If (Aj]i € k) is an increasing <- chain, then
() Uies Ai € K;
(ii) foreachiel, A; < U,.G,A,-; and
(iii) if for each i € I, A; < M, then U,.E,A,- < M.
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AEC

Hanf Numbers

A collection of models K is an AEC if it satisfies the

. . Grossberg's
following axioms. Let A, B, C € K. Conjecture
) ) Developments
1' A = B Implles A - B’ The Construction
2. < is reflexive and transitive; J':;“""”"
3. If (Aj]i € k) is an increasing <- chain, then Negaive Reauls
eakly Compact
1 . . Cardinals
(I) Uiel A’ 6. K’ Positive Results
(u) for each i e I, Ai < U;es A and Joint Embedding
(III) If for each IS I, Ai < My then U,‘e[ Ai < M Amalgmation

4. If A< B, B <Cand AC B’ then A < B. Open Problems



AEC

A collection of models K is an AEC if it satisfies the
following axioms. Let A B, C € K.

1.
2.
3.

A < B implies A C B,

< is reflexive and transitive;

If (Ai|i € k) is an increasing <- chain, then
(i) Uies Ai € K;
(ii) for each i €/, A; < ;¢ Aii and

(iii) if for each i € I, A; < M, then |J,_, Ai < M.

iel

.fA<B,B<Cand AC B, then A < B.

5. There is a Lowenheim-Skolem number LS such that if

A C B and B € K, then there is some A’ € K,
ACA < B, and |A'| < |A| + LS.

Grossberg's
Conjecture
Recent
Developments

Description

Negative Results
Weakly Compact
Cardinals

Positive Results

Joint Embedding
= o (b

Open Problems



Very Important Remark

The amalgamation notion is not unique. One needs to
specify the embedding relation.
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Very Important Remark

The amalgamation notion is not unique. One needs to
specify the embedding relation.
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Very Important Remark

The amalgamation notion is not unique. One needs to
specify the embedding relation.

For this talk with work within the framework of Abstract
Elementary Classes.
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Hanf Number for
JEP
Grossberg made the following conjecture.

Grossberg's
Conjecture

This cardinal u(LS(K)) (if it exists) is called the Hanf
number for amalgamation.

Define similarly the Hanf number for joint embedding.
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Grossberg made the following conjecture.

Conjecture

For every A, there is a cardinal () such that for every
Abstract Elementary Class (AEC) K, if K has the
w(LS(K))-amalgamation property, then K has the
A-amalgamation property for all X > p(LS(K)).
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Grossberg made the following conjecture.

Conjecture

For every A, there is a cardinal () such that for every
Abstract Elementary Class (AEC) K, if K has the
w(LS(K))-amalgamation property, then K has the
A-amalgamation property for all X > p(LS(K)).

This cardinal u(LS(K)) (if it exists) is called the Hanf
number for amalgamation.



Grossberg made the following conjecture.

Conjecture

For every A, there is a cardinal () such that for every
Abstract Elementary Class (AEC) K, if K has the
w(LS(K))-amalgamation property, then K has the
A-amalgamation property for all X > p(LS(K)).

This cardinal u(LS(K)) (if it exists) is called the Hanf
number for amalgamation.

Define similarly the Hanf number for joint embedding.
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AEC
Baldwin and Boney proved the existence of a Hanf number oo
for joint embedding (and amalgamation), but their definition

is different from Grossberg's.

Description

Theorem (Baldwin,Boney)

If  is a strongly compact cardinal, K is an AEC with s

. e . . . S e Results
LS(K) < p, and K satisfies jep/amalgamation cofinally T:z»inlﬁmbedding
below i, then K satisfies jep/amalgamation in all cardinals i
Z /’L' Open Problems
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Grossberg’s conjecture is still open, but at the moment we
have two notions of a Hanf number for jep/amalgamation.
Although the Hanf number for model-existence has a very
well-understood definition and properties, this is not the case
for the Hanf number for jep/amalgamation.
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Fact
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Fact

Letting P be the property “there exists a model” and « the
Hanf number for P. The following are all equivalent.

1. P holds in cardinality k;
2. P holds in some cardinality above k;

3. P holds in every cardinality above k;
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Fact
Letting P be the property “there exists a model” and « the
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1. P holds in cardinality k;

2. P holds in some cardinality above k;
3. P holds in every cardinality above k;
4

. P holds in cofinally many cardinalities below k;



Fact
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Fact
Letting P be the property “there exists a model” and « the
Hanf number for P. The following are all equivalent.

1. P holds in cardinality k;

P holds in some cardinality above k;

P holds in every cardinality above k;

P holds in cofinally many cardinalities below k;

P holds in eventually many cardinalities below r; and

ook wN

P holds in every cardinality (above LS)
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Fact
Letting P be the property “there exists a model” and « the
Hanf number for P. The following are all equivalent.

1. P holds in cardinality k;

2. P holds in some cardinality above k;

3. P holds in every cardinality above k;

4. P holds in cofinally many cardinalities below k;

5. P holds in eventually many cardinalities below r; and
6. P holds in every cardinality (above LS)

These equivalences rely heavily on the downward-closed
property of model existence.



Fact
Letting P be the property “there exists a model” and « the
Hanf number for P. The following are all equivalent.

1. P holds in cardinality k;
2. P holds in some cardinality above k;
3. P holds in every cardinality above k;
4. P holds in cofinally many cardinalities below k;
5. P holds in eventually many cardinalities below r; and
6. P holds in every cardinality (above LS)
These equivalences rely heavily on the downward-closed

property of model existence.
However, jep/amalgamation are not downward-closed.



. P holds
. P holds in
P holds

P holds
. P holds i

in
P holds in

Hanf Number for
JEP

in cardinality &;
some cardinality above k;
in

in

ok w N

every cardinality above k;

6.

cofinally many cardinalities below k;

eventually many cardinalities below k; and
every cardinality (above LS)

Grossberg conjectured that (1) — (3) for jep/amalgamation.
Baldwin-Boney proved that (4) — (3) for jep/amalgamation.
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P holds
P holds
P holds
P holds
P holds
6. P holds
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n some cardinality above x;

n every cardinality above k;

n cofinally many cardinalities below k;
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n every cardinality (above LS)

Grossberg conjectured that (1) — (3) for jep/amalgamation.
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P holds
P holds
P holds
P holds
6. P holds

n cardinality «;

n some cardinality above x;

n every cardinality above k;

n cofinally many cardinalities below k;

o s wbh =

n eventually many cardinalities below «; and

n every cardinality (above LS)

Grossberg conjectured that (1) — (3) for jep/amalgamation.
Baldwin-Boney proved that (4) — (3) for jep/amalgamation.
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For the purpose of this talk, we use the following definition
by Baldwin-Boney.

Definition

Fix a property P. A function pup(x) from cardinals to
cardinals will be called the Hanf number for P iff it satisfies
the following:

If K is an AEC that satisfies property P cofinally below
up(LS(K)), then K satisfies P in every cardinality above

pup(LS(K)).



Hanf Number for
JEP

By results of Magidor, the first measurable and the first
strongly compact can be consistently equal.

So, the known bounds are consistently optimal, but this is
not always the case.
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Theorem (Baldwin,Boney)

The pjep(No) is bounded above by first (w:-) strongly
compact.

Theorem (Boney, S.)

Then ijep(No) is bounded below by the first measurable
cardinal.

By results of Magidor, the first measurable and the first
strongly compact can be consistently equal.
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Theorem (Baldwin,Boney)

The pjep(No) is bounded above by first (w:-) strongly
compact.

Theorem (Boney, S.)

Then ijep(No) is bounded below by the first measurable
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By results of Magidor, the first measurable and the first
strongly compact can be consistently equal.
So, the known bounds are consistently optimal
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Theorem (Baldwin,Boney) AEC

Grossberg's
Conjecture

The pjep(No) is bounded above by first (w:-) strongly
compact.

Description

Theorem (Boney, S.)

Negative Results

Then ijep(No) is bounded below by the first measurable Weakly Compact
Cardina/, Positive Results

Joint Embedding
= o (b

By results of Magidor, the first measurable and the first

strongly compact can be consistently equal. Open Problems
So, the known bounds are consistently optimal, but this is

not always the case.



The Construction

We define an AEC (K, <k).

Hanf Number for
JEP
The prototypical elements of K are be structures of the form

(8, P(K), “P(k), €, V, A, -, 1,0, Ta)
where

a<w’?
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The Construction

We define an AEC (K, <k).
The prototypical elements of K are be structures of the form

|. Souldatos

Hanf Numbers
AEC
Grossberg's
Conjecture
Recent
Developments

The Construction

JEP

Negative Results

Weakly Compact
Cardinals

Positive Results

Joint Embedding
= o (b

Amalgmation
@pem Frelfhmn



The Construction

We define an AEC (K, <k).
The prototypical elements of K are be structures of the form
(K‘a ,P(’%)va('%)a €, V, A, 'Ca 1,n, 7Ta)

a<w?
where

1. “P(k) are the w-sequences from P(k) (the power set of

K);
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The Construction
We define an AEC (K, <k).

The prototypical elements of K are be structures of the form
(k, P(k),“P(k), €V, A€, 1,0, ma)

a<w?
where

1. “P(k) are the w-sequences from P(k) (the power set of
K);

2. € is the (extensional) ‘member of’ relation between &
and P(k);
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The Construction

We define an AEC (K, <k).
The prototypical elements of K are be structures of the form

(H7 ,P(/{)? wp(/{)’ €, \/a /\7 'Cv ]-a ma 7Toz)oé<w )
where
1. “P(k) are the w-sequences from P(k) (the power set of
K);
2. € is the (extensional) ‘member of’ relation between &
and P(k);
3. (P(k),V,A,-€,1) is the standard Boolean algebra;
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The Construction

We define an AEC (K, <k).
The prototypical elements of K are be structures of the form
(Ha ,P(/{)? wP(H)’ 67 \/a /\7 'Cv ]-a ma 7Ta)o¢<w 9

where
1. “P(k) are the w-sequences from P(k) (the power set of
K);

2. € is the (extensional) ‘member of’ relation between &
and P(k);

3. (P(k),V,A,-€,1) is the standard Boolean algebra;

4. N:“P(k) — P(k) returns the intersection of all
elements of the sequence; and
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The Construction

We define an AEC (K, <k).
The prototypical elements of K are be structures of the form

AEC
Grossberg's
Conjecture

(/1773(/{)"")73(/{)’67\/,/\,-67]_’ﬂ"n'a) Dever

a<w? Developments

where

1. “P(k) are the w-sequences from P(k) (the power set of ..
K); Ca
P

ults

2. € is the (extensional) ‘member of’ relation between k Ot bl
and P(k);

3. (P(k),V,A,-€,1) is the standard Boolean algebra;

4. N:“P(k) — P(k) returns the intersection of all
elements of the sequence; and

Open Problems

5. o 1 “P(k) — P(k) returns the ath element of the
sequence.



(K, <k) is defined by an L., .-sentence 1.

1. There are 3 sorts: K for , P for P(k), Q for “P(k)
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(K, <k) is defined by an L., .-sentence 1.

1. There are 3 sorts: K for k, P for P(k), Q for “P(k)

2. (K,P,Q,e,V,A,-¢,1,N,Tq)a<w Satisfy the properties
from the previous slide, except that we can not stipulate
that P is the full powerset on K.
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(K, <k) is defined by an L., .-sentence 1.

1.
2.

There are 3 sorts: K for &, P for P(k), Q for “P(k)

(K,P,Q,e,V,A,-€,1,N, T )a<w Satisfy the properties
from the previous slide, except that we can not stipulate
that P is the full powerset on K.

. Instead require that (P,V,A,-¢,1) is a Boolean algebra

that contains all singletons.



Hanf Number for
JEP

Definition

Let M C N € K and X € PM,
1. Define XM .= {x € KM| ME xeX}.
2. M and N agree on X iff XM = XN

3. M and N agree on finite subsets iff they agree on every
X € PM such that X" is a finite subset of KM.

4. Let M <k N if M C N and M and N agree on finite
subsets.
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Definition

Let M C N € K and X € PM.
1. Define XM := {x € KM | M E xeX}.
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1. Define XM := {x € KM | M E xeX}.
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Hanf Numbers
AEC

Definition Compeenese’
Let MC N € K and X € PM, Deveiopments
1. Define 5\<M - {X c KM | M E XEX}. The Construction
2. M and N agree on X iff XM = XN JNEePgaﬁu .
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Definition

Let M C N € K and X € PM,
1. Define XM := {x € KM | M E xeX}.
2. M and N agree on X iff XM = XN

3. M and N agree on finite subsets iff they agree on every
X € PM such that XM is a finite subset of KM.

4. Let M <k N if M C N and M and N agree on finite
subsets.
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The key factor for determining whether two M, N € K can
be jointly embedded is the size of K™ and K.

Lemma
There exists a model M € K with |M| = 2% and |KM| = &

such that for any other N € K with |[KN| = k embeds into
M.
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The key factor for determining whether two M, N € K can
be jointly embedded is the size of K™ and K.

Lemma

There exists a model M € K with |M| = 2" and |[KM| = &
such that for any other N € K with |[KN| = k embeds into
M.

Corollary
If Mo, My € K and |[KMo| = |KMh
Jointly embeded to a larger model.

, then Mg, My can be
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Definition

Let M € K. M is K-extendible iff there is N € K such that
M <k N and KM C KN,
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Developments

Let M € K. M is K-extendible iff there is N € K such that L ebnn D

PrrfpiEn
M N
M <k N and KM C KN,
Negative Results
Lemma \(/:Vezkly Compact
Positive Results
Let My, My € K. /f’KM(]’ < ’KMI , then My and My can be doint Embedding

Jointly embedded if and only if My is K-extendible.
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Definition

Let M € K. An ultrafilter U on the Boolean algebra PM is
QM-complete iff for every A € QM if TM(A) € U for all

o < w, then NM(A) € U.

Lemma
Let M € K. The following are equivalent:
1. M is K-extendible.

2. For all cardinals )\, there exists some N € K with
M <k N and |[KN\ KM| =\ .
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Definition

Let M € K. An ultrafilter U on the Boolean algebra PM s (r_ELbL
QM-complete iff for every A € QM if TM(A) € U for all Recent

a < w, then NM(A) € U.

Description

Lemma
Let M € K. The following are equivalent:

1. M is K-extendible.

2. For all cardinals )\, there exists some N € K with

M '<K N and ‘KN \ KM‘ — /\ ) Open Problems
3. There exists a non-principal ultrafilter U on PM that is

QM -complete.

Negative Results

Positive Results
Joint Embedding
on a Clu
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Recall that a cardinal x is weakly compact if and only if for
every k-complete Boolean algebra B C P(k) generated by
k-many subsets, there is a k-complete non-principal
ultrafilter on B.



Recall that a cardinal x is weakly compact if and only if for
every k-complete Boolean algebra B C P(k) generated by
k-many subsets, there is a k-complete non-principal
ultrafilter on B.

Definition

A cardinal x in §-weakly compact for § < k iff every
k-complete Boolean algebra B C P(k) generated by k-many
subsets has a d-complete non-principal ultrafilter on B.



Recall that a cardinal x is weakly compact if and only if for
every k-complete Boolean algebra B C P(k) generated by
k-many subsets, there is a k-complete non-principal
ultrafilter on B.

Definition

A cardinal x in §-weakly compact for § < k iff every
k-complete Boolean algebra B C P(k) generated by k-many
subsets has a d-complete non-principal ultrafilter on B.



Recall that a cardinal x is weakly compact if and only if for
every k-complete Boolean algebra B C P(k) generated by
k-many subsets, there is a k-complete non-principal
ultrafilter on B.

Definition

A cardinal x in §-weakly compact for § < k iff every
k-complete Boolean algebra B C P(k) generated by k-many
subsets has a d-complete non-principal ultrafilter on B.

Lemma
Let u be the first measurable. If k < p and k is Ny-weakly
compact, then k is weakly compact.
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Lemma

Let u be the first measurable. If k > p, then every model in
K. is K-extendible.
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Theorem

If k is a strong limit cardinal, then K satisfies JEP(k).
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Summarizing,

Theorem
Let u be the first measurable.
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Summarizing,

Theorem
Let u be the first measurable.
1. JEP(Xg) holds.
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Summarizing,

Theorem
Let u be the first measurable.
1. JEP(Xg) holds.

2. JEP(X) fails for all ¥y < X\ < J,,.
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Summarizing,

Theorem
Let u be the first measurable.
1. JEP(Xg) holds.
2. JEP(X) fails for all ¥y < X\ < J,,.
3. If Kk < p and k is a strong limit , then

Hanf Numbers

AEC

Grossberg's

Conjecture

Recent

Developments
The Construction

Description

JEP

Negative Results

Weakly Compact
Cardinals

Joint Embedding
= o (b

Amalgmation
@pem Frelfhmn



.. Hanf Numbers
Summarizing, AEC

Grossberg's
Theorem
Let u be the first measurable. e Comet et
1. JEP(Xy) holds. JDE:°"""°“
2. JEP(\) fails for all ¥y < A < J,,. ‘zvi“t'y.czmplt‘
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Summarizing,

Theorem
Let u be the first measurable.

1. JEP(Xg) holds.
2. JEP(\) fails for all ¥y < A < J,,.

3. If Kk < p and k is a strong limit , then
(i) JEP(k) holds, but
(ii)y JEP(X) fails, for all k<" < X < 3,,(k).

Hanf Numbers
AEC
Grossberg's
Conjecture
Recent
Developments
The Construction

Description

JEP

Negative Results
Weakly Compact
Cardinals

Joint Embedding
= o (b

Amalgmation
@pem Frelfhmn



. Hanf Numbers
Summarizing, AEC

Coniecrure
Theorem B pments
Let u be the first measurable. The Construction

1. JEP(Xo) holds. o
2. JEP()) fails for all Ry < A < J,. Wiy Compac
3. If Kk < p and k is a strong limit , then e i
(i) JEP(k) holds, but o e b
(i) JEP(X) fails, for all 5<% < X\ < 3,(k). iy

Open Problems

4. If Kk > p, then JEP(K) holds.
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Corollary

There is an AEC (K, <k) with LS(K) = X and
1. JEP fails cofinally below the first measurable;
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Corollary
There is an AEC (K, <k) with LS(K) = Xg and
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Corollary
There is an AEC (K, <k) with LS(K) = Xg and
1. JEP fails cofinally below the first measurable;
2. JEP holds cofinally below the first measurable; and

3. JEP holds everywhere above the first measurable.

Hanf Numbers
AEC

Grossberg's
Conjecture

Recent
Developments
The Construction

Description

JEP

Negative Results

Weakly Compact
Cardinals

Joint Embedding
= o (b

Amalgmation
@pem Frelfhmn



Corollary
There is an AEC (K, <k) with LS(K) = Xg and
1. JEP fails cofinally below the first measurable;
2. JEP holds cofinally below the first measurable; and

3. JEP holds everywhere above the first measurable.

Hanf Numbers
AEC

Grossberg's
Conjecture

Recent
Developments
The Construction

Description

JEP

Negative Results

Weakly Compact
Cardinals

Joint Embedding
= o (b

Amalgmation
@pem Frelfhmn



Corollary
There is an AEC (K, <k) with LS(K) = Xg and
1. JEP fails cofinally below the first measurable;
2. JEP holds cofinally below the first measurable; and

3. JEP holds everywhere above the first measurable.

Corollary

The Hanf number f1jep(Ro) is at least the first measurable
cardinal.
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Theorem

Assume GCH. Given a club C on the first measurable ,
there is a generic extension V|G| that preserves cardinalities
and cofinalities, |1 remains a measurable cardinal, and K
satisfies JEP(X) iff A € lim C or A > p.
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Let k > 2%1. Then K fails AP(k).
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Open Questions

(i) Is there an AEC K that fails JEP eventually below k, K
being the first measurable or the first super compact,
but satisfies JEP in all cardinalities above k7

(i) Same question as (i), but satisfy JEP in one cardinality
above k7

(ii1) Can we improve either the upper or lower bounds on Open Problems
Hjep(Ro) ?
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